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Abstract 

This paper presents the general theory of canonical transformations of coordinates in quantum mechanics. 
First, the theory is developed in the formalism of phase space quantum mechanics. It is shown that by 
£{j transforming a star-product, when passing to a new coordinate system, observables and states transform as 
in classical mechanics, i.e., by composing them with a transformation of coordinates. Then the developed 
formalism of coordinate transformations is transferred to a standard formulation of quantum mechanics. 
In addition, the developed theory is illustrated on examples of particular classes of quantum canonical 
transformations. 
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1. Introduction 

In classical Hamiltonian mechanics transformations of phase space coordinates (especially canonical 
transformations of coordinates) are an important part of the theory. Since quantum mechanics arises 
from Hamiltonian mechanics it is natural to ask if it is possible to introduce the concept of canonical 
transformations of coordinates in quantum mechanics. The importance of this problem was evident to 
scientists from the early days of quantum theory. The development of the theory of canonical transformations 
of coordinates in quantum mechanics is mainly contributed to Jordan, London and Dirac back in 1925 [H-Q] 
and it is still an area of intense research. 

In the usual approach to canonical transformations in quantum mechanics one identifies canonical trans- 
formations with unitary operators defined on a Hilbert space. Such approach was used by Mario Moshinsky 
and his collaborators in a series of papers 8l4l2j| . Also other researchers used such approach [l3|, EH ■ Worth 
noting are also papers of Anderson lfj, [l6[ where an extension of canonical transformations to non-unitary 
operators is presented. Nevertheless, after so many years of efforts, there is still lack of a general theory 
of coordinate transformations in quantum mechanics, including a satisfactory complete theory of canonical 
transformations. With the following paper we are trying to fill this gap, at least to some extend. 

A unitary operator U associated with some canonical change of coordinates transforms vector states 
from one coordinate system to the other: <fi' — Ucf), Also observables, being operators on a Hilbert space of 
states, transform according to a prescription 

A' = UAU- 1 , (1) 

where A is an initial operator and A' an operator after the change of coordinates. In particular, operators 
q, p of position and momentum transform according to ([1]). Observe that the commutator of operators of 
position and momentum as well as their Hermitian property do not change after a unitary transformation. 
For this reason unitary operators are identified with canonical transformations. 
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To some unitary operators one can try to associate transformations denned on a classical phase space. 
It can be done using a Born's quantization rule. This rule formulated by Max Born states that to every 
classical observable A(x,p) (real- valued function defined on a phase space) written in a Cartesian coordinate 
system one can associate an operator on a Hilbert space by substituting for x and p operators of position 
and momentum q, p and symmetrically ordering them. If one now considers a transformation of phase space 
coordinates (possibly depending on an evolution parameter t) 

T = (Q, P): R 2 D U ->• W CM 2 , 

then one can define operators 

Q = Q(q,p,t), 

P = P(q,p,t). 

If [Q, P] = ih then the operators Q, P can be thought of as operators of position and momentum associated 
to a new coordinate system, and T is then called a quantum canonical transformation. In some cases the 
operator Q can be written in a position representation, i.e., as an operator of multiplication by a coordinate 
variable. In fact, there exist a measure /i and a unitary operator Ut- W — > L 2 (a(Q), fi) such that 

UtQU? 1 = x', 

where <j(Q) is the spectrum of the operator Q. The operator Ut is precisely the unitary operator corre- 
sponding to the quantum canonical transformation T. 

At this point we arrive to a problem concerning the Born's quantization procedure. Namely, we could try 
to quantize a classical Hamiltonian system in some arbitrary canonical coordinate system using the Born's 
quantization rule. However, this way we would end up in non-equivalent quantum systems. As an example 
let us consider a classical harmonic oscillator which time evolution is governed by the Hamiltonian 

H(x,p) = ^(p 2 +co 2 x 2 ). 

In accordance with the Born's quantization rule to H corresponds the following operator 

H = H(q,p) = ^(p 2 +CJ 2 q 2 ). 

Performing a classical canonical transformation of coordinates T: (R\ {0}) xl^ (M\ {0}) x R, T(x',p') = 
(x,p) where 

with the inverse T _1 in the form 

x = { i 2 „ . V = \x \ P, 

{-^x 2 , x<0 

the Hamiltonian H transforms to the following function 

H'(x',p') = H(T(x',p')) = \x'\p' 2 +w 2 \x'\. (2) 

Applying the Born's quantization rule to H 1 with symmetric ordering of canonical operators of position and 
momentum, q' = x', p' — —ihd x >, results in the following operator 

H' = H\q\p>) = \\q'\p' 2 + \p> 2 \q'\+u J 2 \q'\. 
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Hamiltonians H and H' are not unitarily equivalent — they describe different quantum systems. As we will 
show in this paper, the apparent inconsistency of the quantization can be solved by changing the ordering 
of operators q' , p' in the transformed Hamiltonian H' in an appropriate way, which will be equivalent to the 
existence of a respective unitary operator related to the transformation. 

In order to control the whole procedure we take a different route for developing a theory of transformations 
of coordinates in quantum mechanics, to that usually found in the literature. Namely, first we consider a 
quantum theory on a phase space, and then pass to the standard description of quantum mechanics. Such 
approach seems to be more natural as the concept of a change of coordinates can be introduced in a similar 
manner as in classical Hamiltonian theory. 

In the usual approach to coordinate transformations in phase space quantum mechanics (l7l - [l9j one 
modifies an action of a transformation of coordinates on observables and states, from the simple composition 
of maps. This is done to receive a consistent theory. We present a slightly different, although equivalent, 
approach in which we transform not only observables and states but also a star-product. Such an idea the 
reader can also find in [20| . Then the action of a coordinate transformation on phase space functions can 
remain to be a simple composition of maps. Moreover, we present a systematic way of passing the developed 
theory of transformations to the standard description of quantum mechanics. Such approach of dealing with 
change of coordinates in quantum theory proves to be very effective and gives means to develop a general 
theory of transformations of coordinates in quantum mechanics which is still missing after almost 90 years 
of its development. 

The paper is organized as follows. In Section[2]we review basic concepts of phase space quantum mechan- 
ics focusing on properties important in developing a transformation theory. Section [3] presents the general 
theory of canonical transformations of coordinates in phase space quantum mechanics. Section 0] contains 
the passage of the quantum transformation theory developed on the phase space to the ordinary quantum 
mechanics, using the results from previous section. Section [5] presents couple classes of transformations of 
coordinates illustrating the developed formalism. In Section [6] we give final remarks and conclusions. 



2. Phase space quantum mechanics 

2.1. Preliminaries 

There exist many approaches to quantum mechanics. The one which seems to be the most suited to 
develop a theory of transformations of phase space coordinates is a phase space quantum mechanics also 



referred to as a deformation quantization (see |21|, |22| , and [23M25| for recent reviews) . The review of phase 
space quantum mechanics which we will present is based on our earlier work (26[. 

The idea behind the phase space quantum mechanics relies on an appropriate deformation of a classical 
Hamiltonian system. Such approach to quantum theory uses a mathematical language very similar to that 
of a classical theory. This have many benefits. On the one hand it allows a straightforward introduction 
of concepts from classical mechanics into the quantum counterpart (for example, the concept of a trans- 
formation of phase space coordinates), on the other hand it gives in a natural way a classical Hamiltonian 
mechanics as a limiting case, hence allowing investigation of quantum systems in a classical limit. 

The procedure of a deformation should be performed with respect to some parameter h (which is taken 
to be a Planck's constant) so that in the limit H — > the quantum theory should reduce to the classical 
theory. 

The deformation of a classical Hamiltonian system can be fully given by deforming an algebraic structure 
of a classical Poisson algebra. This will then yield a deformation of a phase space (a Poisson manifold) to 
a noncommutative phase space (a noncommutative Poisson manifold), a deformation of classical states to 
quantum states and a deformation of classical observables to quantum observables. 

First, let us deal with a deformation of a phase space. A Poisson manifold (M, V) (V being a Poisson 
tensor) is fully described by a Poisson algebra Ac = (C°°(M), ■,{■ , ■ }) of smooth complex- valued functions 
on the phase space M, where • is a point- wise product of functions and { • , • } is a Poisson bracket induced 
by a Poisson tensor V . Hence by deforming Ac to some noncommutative algebra Aq = (C°°(M),*, [ • , • ]), 
where * is some noncommutative associative product of functions being a deformation of a point-wise 
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product, and [•, •] is a Lie bracket satisfying the Leibniz's rule and being a deformation of the Poisson 
bracket { • , • }, we can think of a quantum Poisson algebra Aq as describing a noncommutative Poisson 
manifold. 

The algebra Ac contains in particular a subset of classical observables, whereas Aq contains a subset of 
quantum observables. Note that quantum observables are functions on the phase space M similarly as in 
classical mechanics. Furthermore, classical observables are real- valued functions from Ac, i.e., self-adjoint 
functions with respect to the complex-conjugation — an involution in the algebra Ac- Quantum observables 
should also be self-adjoint functions with respect to an involution in the algebra Aq. However, in general the 
complex-conjugation do not need to be an involution in Aq . Thus in Aq we have to introduce some involution 
which would be a deformation of the complex-conjugation [2a |. As a consequence, quantum observables (self- 
adjoint functions with respect to the quantum involution) might be complex and ft-dependent. 

There is a vast number of equivalent quantization schemes (see [26] for review of the subject) which yield 
a quantization equivalent to a standard approach to quantum mechanics but giving different orderings of 
position and momentum operators. From this diversity of quantization schemes the simplest one is a Moyal 
quantization. It follows from the fact that for the Moyal quantum algebra the involution is the complex- 
conjugation as in the classical case. Thus in this case quantum observables, exactly like classical observables, 
can be chosen as real-valued functions. Further on we will deal only with that distinguished quantization. 
Such a choice is not a restriction as other quantization schemes known in the literature are gauge equivalent 
to the Moyal one (see [11] and Subsection I2.5[) ). 

Throughout the paper we will use the following notation. The z-th components of vectors x,p £ M. N 
representing positions and momenta will be denoted by x % and pi, i.e., x = (x 1 , . . . , x ) and p — (p%, . . . ,pn)- 
By xp we will understand the scalar product of vectors x and p, i.e., xp = x l pi. Often sequences of 
functions (Q 1 , . . . , Q N ), (Pi, ■ ■ . , Pjy), derivatives (d x i , . . . , c^w), (d Pl , . . . , d PN ) and operators (q 1 , . . . , q N ), 
(pi, . . . ,pn) will be simply denoted by Q, P, d x , d p , q, p. Also we define products of these sequences with 
vectors and matrices in a standard way. 

The Moyal quantization scheme is as follows. First, let us assume that M = R 2JV and V — d x % A d Pi . 
Define a ^-product by a formula 

This ^-product is called the Moyal product. For a two-dimensional case (N = 1) the Moyal product reads 



k\ , _ 

fe=0 x ' m=0 



The deformed Poisson bracket [ • , • ] associated with the ^-product will be given in terms of a *-commutator 
[ • , • ] as follows 

[/, <?] = ^[f, 9] = ^(/ *g - a * /), /, .9 G Aq. 

To avoid problems with convergence of the series in the above definition of the ^-product the common 
practise is to extend the space C°° (M) to a space C°° (M) [ft] of formal power series in h with coefficients 
from C°°(M). The ^-product is then properly defined on such space. Other approach is to define a ★-product 
on the space S(M. 2N ) of Schwartz functions using an integral formula and then extend it to an appropriate 
space of distributions [27H30l|. It is then possible to define a topology on such space of distributions for 
which the *-product, for a certain class of functions, can be expressed as the above series. 

Note, that the Moyal quantization was performed in a specific canonical coordinate system, namely, in a 
Cartesian coordinate system on R 2N . In Section[3]we will see how to quantize systems in different coordinate 
systems. 

Let us prove a property of functions from Aq which will be used later on. For simplicity we only present 
the theorem for the case N = 1 . 
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Theorem 2.1. Every function f £ Aq can be expanded into a -k-power series 



n,m—0 



,x* ■ ■ ■ ■ ■ ■ *p, (3) 



where a nm £ C. 

Proof. From recurrence relations 



* / ; — —ihm , . * • • * .r * ji * • • • * i>. 




m+1 



it follows that monomials x n p m can be written as ^-polynomials. Thus after expanding / into the Taylor 
series it is easily seen that / can be written in the form ([3]). □ 

2. 2. Space of states 

In general a space of states is fully characterized by the algebraic structure of the quantum Poisson 
algebra Aq [3l], [32[ • It can be shown that for the Moyal quantization states can be represented as quantum 
distribution functions, i.e., square integrable functions defined on the phase space satisfying certain 
conditions [26], [33(. For this reason the Hilbert space % — L 2 (R 2N ) of square integrable functions on the 
phase space will be called a space of states. Observe, that the Moyal product can be extended to a product 
between smooth functions from C°°(R 2N ) and square integrable functions from L 2 (M. 2N ). It is also possible 
to define the Moyal product between square integrable functions from L 2 (M. 2N ) by extending it from the 
space <S(R 2Ar ) of Schwartz functions 26]. 

2.3. Observables and states as operators 

In Moyal quantization scheme observables A £ Aq and states 'J £ H can be treated as operators A and 
^ defined on the Hilbert space of states H by the following prescription 

A = A*, & = (2tt^) jv / 2 **. 

It can be proved that the operator A can be written as appropriately ordered function A of operators of 
position (cim) 1 = x 1 ★ = x % + \ihd Pj and momentum (pm)] — Pj * = Pj — \ih~d x i ([(<?m) 4 , {pm)j\ = ifidj) 

A = A* = Am(<1m,Pm)- 

Am(q,p) denotes symmetrically-ordered function of operators q and p. 

Note that the Hcrmitian conjugation f of the operators A and ^ in Moyal quantization scheme is related 
to the complex-conjugation * (involution in Aq) by the formulae 

it = * )t = A * * ) $t = {{2ttK) n / 2 ^ * )t = {2nh) N /H* ★ . 

2.4. Expectation values of observables and time evolution equation 

Formulas for the expectation values of observables and the time evolution of states are similar as in 
classical mechanics, except that the point-wise product • of functions and the Poisson bracket { • , • } have 
to be replaced with the ^-product and the quantum Poisson bracket [ • , • ]. Thus, the expectation value of 
an observable A € Aq in a state ^ £ H is given by the formula 

< A >* = ,0 iL/2 / / C^(o)**(*))(*.p) dxd P = ( A (o)hw 



(2irh) N / 2 

{27T l )N /2 /yW)**(0))(a,P) dxdp = (A(t)) no) . 
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The time evolution equation of quantum distribution functions *£(t) (Schrodinger picture) is the counterpart 
of the Liouville's equation describing the time evolution of classical distribution functions, and is given by 
the formula 

d* d* 

— -\H, #(*)] = ih—-[H ) 9(t)]=0, 

where H is a Hamiltonian (distinguished real function from Aq). The time evolution of quantum observable 
A(t) (Heisenberg picture) is given by 

d A H A 

— -lA(t),H]=0 & m—-[A(t),H}=0. (4) 

2.5. Equivalence of quantizations 

Two star-products * and *' are said to be gauge equivalent if there exists a vector space automorphism 
S: C°°(IR 2Ar ) C°°(R 2Ar ) of the form 

OO 

S = J2^ k Sk, S = l, (5) 

where Sh are linear operators, which satisfies the formula 

S(f*g) = Sf*'Sg f,g£C°°(B. 2N ). 

If, moreover, the automorphism S preserves the deformed Poisson brackets and involutions * and *' from 
the algebras Aq = (C*°°(]R 2Ar ),*, [• , ■],*) and A' Q = (C°°(R 2N ), *', [ • , •]',*'), i.e., 

S(lf,gj) = lSf,Sgf, 

sun = (sir', 

then S is an isomorphism of the algebra Aq onto the algebra Aq. 

Two quantizations of a classical Hamiltonian system are equivalent if there exists an isomorphism S of 
their quantum Poisson algebras. This equivalence is mathematical as well as physical. It has been stressed 
out in Subsection 12.11 that to the same measurable quantity correspond different functions from respective 
quantum Poisson algebras. This observation seems to be missing in considerations of different quantizations 
present in the literature. In fact, to every observable A £ Aq from one quantization scheme corresponds 
an observable A' — SA £ Aq from the other quantization scheme. Both observables A and A' describe the 
same measurable quantity and in the limit h — > reduce to the same classical observable. If, for example, the 
initial quantization is the Moyal one, then quantum observables are real-valued functions and as a quantum 
observable A we can take a related classical observable Ac, i.e., A = Ac and is ft- independent. Then, in some 
other quantization scheme, gauge equivalent to the Moyal one, to the same observable A corresponds another 
function A' = SAc, ft-dependent and complex in general. Such approach to equivalence of quantum systems 
introduces, indeed, physically equivalent quantizations as the functions A, A' from different quantization 
schemes have the same spectra, expectation values, etc., and when they are Hamiltonians they describe the 
same time evolution. 

The presented formalism of phase space quantum mechanics can be extended to a very broad class of 
quantization schemes equivalent to the Moyal-quantization scheme. Let S be a vector space automorphism 
of C°°(R 2JV ) of the form ©. Moreover, lets assume that S satisfies 

Sx 1 = x % , Spj = pj , 
S(f*) - (Sf)*. 

The automorphism S defines a new star-product equivalent to the Moyal-product by the equation 

f+sg-SiS^f + S-ig), /, 5 eC°°(R 2JV ), 
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with involution being also the complex-conjugation. We will show that such class of equivalent quantization 
schemes is related to the choice of different quantum canonical coordinates for quantum systems. 

It is possible to define a morphism of spaces of states of different quantization schemes, in terms of S. 
This morphism we will also denote by S. In case when the initial quantization is the Moyal quantization 
S will be a Hilbert space isomorphism. In what follows we will restrict to the case when the 5-image of 
the space of states L 2 (R 2N ) is also a Hilbert space L 2 (R 2N ,p.) of square integrable functions possibly with 
respect to a different measure p, and when S vanishes under the integral sign, i.e., 

J J S^f(x,p)dfj,(x,p) = J J ty(x,p) dxdp : 

for every quantum distribution function <£. 

All previous results for the Moyal-quantization scheme are also valid for the .^-quantization scheme. In 
particular, the symmetrically-ordered operator function Am(q,P) of operators q l , pj has to be replaced by 
the following .^-ordering 

A s (q,p):^(S- 1 A) M (q,p). 

Also the following result holds true (2(| 

A*s = A s (qs,Ps), 

where 

(q s y :=x** s =S(q M ) i S-\ 

(Ps)j~Pj*s = S(p M )jS~ 1 . 
The above results are important for transformation theory develop in the next section. 



2. 6. Ordinary description of quantum mechanics 

The phase space quantum mechanics is equivalent to the ordinary description of quantum mechanics. 
To show this first note that the Hilbert space of states can be written as the following tensor product of the 
Hilbert space L 2 (R N ) and a space dual to it (L 2 (R N ))*: 

H= (L 2 (R N ))* ® S L 2 (R N ), 
where the tensor product (&s is defined by 

(<p* ® s ip)(x,p) = jz l, N/ n S [ dy e'^tp* \ x ~ \y) i> [ x + \v 



(2nh) N / 



^ ^ dx' dp' dy tp* ( x' — — y ) tp I x' + — y ) S(x, p, x' , p')e rP 



(2ttH) n / 

where tf,ipE L 2 (R N ) and S(x,p, x' ,p') is an integral kernel of the isomorphism S. 

States $e?i treated as operators $ = (2nh) N / 2l >& -kg can be written in the following form 

* = i ®s p, 

where p is some density operator. Hence to every pure or mixed state $ € % corresponds a unique density 
operator p. Similarly, observables A G Aq treated as operators A — A * s take the form 

A = A* S = i®sA s (q,p), 

where q l — x l and pj = —ihd x j are standard operators of position and momentum. In particular, from this 
it follows that 

A * s * = V* ®s -4s (q, p) 
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for * = ip* ® s V> and 93, ^ G L 2 (R N ). 

The expectation values of observables A e _4q in states $ £ H are the same as when computed in 
ordinary quantum mechanics 

(A)^ =tr(pA s (q,p)), 

where p is a density operator corresponding to ^ and As(q,p) is an operator corresponding to A. Also 
the time evolution equation of states ^> e H corresponds to the von Neumann equation describing the time 
evolution of density operators p. 

3. Canonical transformations of coordinates in phase space quantum mechanics 

3.1. General theory 

As before we will consider the Moyal quantization of a classical Hamiltonian system (M,V,H), where 
M = R 2N , V — d x i A d Pi , and H € C°°(M) is an arbitrary real function. A transformation of phase 
space coordinates of the quantum system is defined as in classical mechanics, i.e., as a smooth bijective map 
T: M. 2N D U 3 (x',p') — > (x,p) € W C R 2N . For simplicity only transformations defined on almost the 
whole phase space will be considered, i.e., it will be assumed that R 2N \ U and R 2N \ W are sets of the 
Lebesgue-measure zero. A transformation T transforms every observable A E C°°(M. 2N ) and every state 
* e L 2 (R 2N ) by the formulae 

A' = A o T, $' = $oT. 

In addition, also the Moyal-product needs to be transformed. The transformed star-product, denoted 
hereafter by -k' T , should fulfill the following natural condition 

{f*9)oT= (/ o T) 4 (9 o T), f,geA Q . 

The *^-product is, in fact, given by the following formula 

/ *t 9 = f ex P (^ifrb x >iDj. - ^ihtip'Vj^j g, 

where vector fields D x h 1 D p >, are derivations d x i, d Pj transformed by the transformation T according to the 
rule 

(d xi f)oT = D xli (foT), feC°°(R 2N ), 

(d Pj /) o t = D p , (/ or), fee 00 (R 2N ). 

Notice, that a new product defined by vector fields D x n, D p i is well defined star-product, which associativity 
follows from commutativity of D x a and D p i . 

To this moment we considered general transformations of coordinates. In what follows we will focus on 
an important class of transformations, namely, canonical transformations. In classical mechanics a canonical 
transformation is such transformation T of phase space coordinates which transforms the system from one 
canonical coordinate system to the other. In other words, T is a canonical transformation if it preserves the 
form of the Poisson bracket, i.e., 

{z'\^}' = <5}, 

where { • , • }' denotes a Poisson bracket transformed by T to the new coordinate system: 

{.f,g}' - {/ ° T-\g o T- 1 } o T, f,g e C°°(R 2N ). 

Canonical transformations in phase space quantum mechanics are defined in a similar manner. Namely, 
a quantum canonical transformation is such transformation T of coordinates which preserves the form of 
the deformed Poisson bracket, i.e., 

Ix'^p 1 ^ = 8), 
8 



where [ • , ■]' denotes a deformed Poisson bracket transformed by T to the new coordinate system: 



[/, 9\ = If ° T~\ g o T- 1 ] oT, f,g€ C°°(R 2Ar ). 

In what follows we will consider only transformations T which are quantum canonical transformations, 
with a special attention to the subclass of these which are also classically canonical, because the theory takes 
the simplest form for such class of transformations. 

Now we take the advantage from the following property of a transformed star-product, valid for a wide 
class of quantum canonical transformations as we will see in Section[Sl For any quantum canonical coordinate 
transformation T with respect to a given ★-product, there exists a unique linear automorphism St of the 
algebra Aq in the form ((5} satisfying 

S T (f*'g) = (S T f)* T (S T g), f,geAQ, (6a) 
S T x' l =x'\ Srp'^p'j, (6b) 
S T (n = (S T fy, feAg, (6c) 

where is the initial product expressed in x',p' variables 



/*' 9 = / ex P (\ift < dx' i ~3p' i ~ Tjihti p'~$ x'^ 
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We will consider only such transformations for which the above statement is true, however, we believe that 
this statement holds for every quantum canonical transformation. The above property will play a crucial 
role while passing to the ordinary description of quantum mechanics. From ^ it is clear that two quantum 
Hamiltonian systems related to each other by some quantum canonical change of phase space coordinates 
are gauge equivalent. 

For deriving the form of the automorphism St for particular transformations T, other form of the 
conditions ^ will be more useful. 

Theorem 3.1. The conditions © are fulfilled if and only if the conditions 

(q' T y = S T {qM) l S^\ (7a) 
(P't)j = St^m^St 1 , (7b) 
are fulfilled, where (q T Y — x n -k' T , (p T )j — Pj *t > (Qm) 1 = x n *' and (pu)j = Pj *' ■ 

Proof. For simplicity we will present the proof for a two-dimensional case (N =1). If the conditions ([5]) are 
fulfilled then trivially the conditions ((7]) are fulfilled. Assume now, that the conditions Q are fulfilled. From 
(0) it follows that (|6a| will be satisfied for every / in the form of a V-monomial x' *' ■ ■ ■ -k' x' '★' p' ■ ■ p' as 

S T (( x' x' *'p' p') * 1 g) = S T x' *' T S T ( x' x' *' p' *' ■ ■ ■ p' *'g) 

n m n—l m 

- v ' v ' 

n m 

= Stx' -k T • • • ~k T Stx' -k'rp Stp' *t ' ' ' *t $tP *t8t(p * p) *T ^t9 

n m — 2 

= S T ( x' x' *' *'p') *' T S T g- 

n m 

From the linearity of St and the fact that the general / £ Aq can be written in the form of the series 
© follows the condition (|6"a|) . The condition f|6b[) can be received by calculating left and right sides of (J7J 
on function identically equal 1. Furthermore, the condition (|6c[) can be proved in a similar manner as (|6al) 
noting that the complex-conjugation is an involution for the *' and ★^-products, and using (|6b[) . □ 
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Note that every transformation T of coordinates preserves the involution of the algebra Aq (complex 
conjugation). Indeed, there holds 

(/°T)* = /*oT, feA Q . 
We prove the property ([5c)) of the isomorphism St- Namely, 

Theorem 3.2. For every quantum canonical transformation T the isomorphism St'- (C°° (M. 2N ), *) — > 
(C°° (M. 2N ),-k' T , *) preserves the involution, i.e., 

s T (n = (STfy, /er^). 

In other words St = S T . 

Proof. Using the fact that St is an isomorphism of the space of states H. onto the transformed space of 
states H' (see below) the following equality holds 

*)n = (*|(/*' ) f *>w = (/*'*!*>« = (Sr(f*' *)|Sr*)w = (S T f* T ST$\ST*)w 
= (S T <S>\(STf*T^ST-*)w = (ST*\(Srfy St*)w = (^^(St/)* *' *>« 
for every $, * e "H. From this follows that f* = S^ 1 (S T f)*. □ 

It means that for every quantum canonical transformation T the isomorphism St generates new quan- 
tization scheme, equivalent to the Moyal one, with involution being also complex conjugation. 

A transformation T of coordinates transforms the Hilbert space of states L 2 (M. 2N ) into the Hilbert space 
L 2 (R 27V ,^t) with the standard scalar product, where d(/,T(x',p') — |det T'(x',p')\ dx' dp'. Of course, if 
T is also a classical canonical transformation then d/j,T(x' ,p') = da/ dp', since the Jacobian of a classical 
canonical transformation is equal 1. The following property of St has to hold to ensure the consistency of 
the whole approach to transformations of coordinates: 

For a transformation T of coordinates 

S T : L 2 (m 2N )^L 2 (R 2N ,[i T ) 

and St is a Hilbert space isomorphism. Hence the space L 2 (M. 2N , /it) is a properly defined space 
of states after the transformation of coordinates. Moreover, the isomorphism St vanishes under 
the integral sign, i.e., 

f(x',p')dx'dp'= // S T f{x',p')dn{x',p). 



Thus we will consider only such transformations for which the above property is fulfilled, however, we 
believe that every quantum canonical transformation satisfies the above property. Observe that a classically 
canonical transformation T transforms the space of states L 2 (R 2N ) onto itself. Thus St in this case is an 
isomorphism (unitary operator) on L 2 (M. 2N ). 

Canonical transformations appear as trajectories in phase space when one considers the time evolution 
of a system. This is true both in classical and quantum mechanics. In phase space quantum mechanics the 
solution of quantum Hamiltonian equations 

Q i (t) = lQ i (t),Hj, P J -(t) = [P J (t),H], (8) 

where Q l (x,p, 0) = x % and Pj(x,p, 0) = pj, i.e., the Heisenberg representation Q for observables of position 
and momentum, generates a quantum flow <I> t in phase space according to an equation 

*t = (Q{x,p,t;H),P(x,p,t;h)). (9) 

For every instance of time t the map $t is a quantum canonical transformation (quantum symplectomor- 
phism) from coordinates x,p to new coordinates x' — Q(x,p,t;h),p' = P{x,p,t;K). Of course, in the limit 
% — > any quantum trajectory reduces to a classical trajectory. More thorough description of quantum 



trajectories we present in 34 1 
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3.2. Transformations which are both classical and quantum canonical 

The simplest subclass of quantum canonical transformations is generated by these quantum flows which 
coincide with classical flows. It means that the quantum canonical transformation © is h independent 
and coincides with classical symplectomorphism, i.e., is a simultaneous solution of quantum and classical 
Hamiltonian equations. Such transformations are generated from an appropriate generating function for 
any fixed value of the evolution parameter t. 

In what follows we will present four important classes of nonlinear canonical transformations (both 
classical and quantum). The linear case is considered separately in Section [5] A sufficient condition for such 
class of transformations is a linearity in one set of arguments of an appropriate generating function. Let 
us begin with the case of two-dimensional phase space. The first class of transformations is determined by 
generating function of the form 

Fx(x,x') = X(px(x') + 4> 2 (x') 

with related transformations expressed by the equations 

dFi , , dFi , 
P= ~dx P = ^llx 7 " 

where <pi is some smooth bijective function and <p2 is some smooth function. The above equations give the 
transformation in a form 

t^v) = (-(^orv- K(z')rv 2 (A<M*')), (io) 

where 4>'{x') = -jp(f)(x'). Note, that a generating function 

Fi(x,x') = -x'<f>i(x) - <j) 2 (x) 

generates a transformation T\ being an inverse transformation to T\ . 
The second class is generated by a function 

f 2 (p,p') = -riitf) - hip') 

with a related transformation expressed by the equations 

dF 2 , dF 2 

x = -—ip, P ), x = -T^riPiP), 

which give 

T 2 (x',p') = ^i(p'))-(^i(p')) lx ' - (01 (pO) l< t>' 2 ip') 
In this case the generating function 

F 2 (p,p')=p'<t>i(p) + 4> 2 (p) 

generates a transformation T 2 being an inverse transformation to T 2 . 

The third and fourth classes of transformations are generated by functions 

f 3 (x, p ') = xMp') + Mp'), 

F A (x' \p) = -p<t>i{x') - 4> 2 {x'), 
with related transformations expressed by the equations 

dF 3/ n , 3F, 



and 



P =—( X , P '), x > = — {x , p >l 



9Fa, , . , dFi , 
« = -^-(» f 'ri- 

ll 



The above equations give the transformations in a form 

T 3 (x\p') = ((#(?/)) ~V- (tiip'))' 1 ^'),^')), (Ha) 

In this case the generating functions 

F3(x,p') = -p'<j>i{x) - <fc(x), 

F i (x',p)=x'Mp) + Mp) 

generate transformations T3 = T^ 1 and T4 = T 3 ~" . 

Note, that the transformations T2, T3 and T4 can be constructed from T\ with the help of an interchange 
of variables transformation I(x',p') = {—p',x') being a special case of the transformation T\ generated by 
a function F(x, x') = xx'\ 

T 2 =IoT l or 1 , (12a) 

T 3 =T 1 o/- 1 , (12b) 

T 4 = r 1 o Ti. (12c) 

Thus instead of considering the transformation theory for transformations T\, T2, T3 and T4 it is enough to 
consider only the transformation T\ and it appropriate compositions with I. 

The four presented classes of transformations are obviously classically canonical. It can be shown that 
they are also quantum canonical. 

The presented considerations can be easily extended to a 2jV-dimensional case. As an example let us 
present the transformation (|10[) in 2iV-dimensions. Consider a generating function 

F(s,i / )=X> i 0i(a?') + &(&'), (13) 

i 

where <p\ = (0 , . . . , <j> ) : — > K.^ is a smooth bijective function and (f>2 ■ 4la smooth function, 
and x' — (x 11 , . . . , x' N ). The function F generates the following transformation 

T(x',p) = (-(<f>[(x')) 1 -p' - (4>'i(x')) 1 • (/) 2 (x'),4>i(x'fj 

= (-(^(^lip: - ■ ■ ■ ■ - (^:( s '))>; - (^ 1 (^));(4(^)) 1I 

where (J^^l = ^pr is a Jacobian matrix of the function cf>i = ((f>\, . . . , <f>^) and (J$ 2 )i — is a Jacobian 
matrix of cj>2- A calculation shows that this transformation is also quantum canonical. All other cases can 
be extended in a similar fashion. 

3.3. Transformation of observables treated as operators 

Let us introduce the following operator T: H — > H' of the Hilbert spaces of states T~L = L 2 (R 2N ) and 
W = L 2 (M. 2N ^ T ) by the equation 

The operator T is obviously linear and bijective with the inverse given by 

Moreover, the operator T preserves the scalar product, hence it is an isomorphism of the Hilbert spaces of 
states. There holds the following theorem. 
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Theorem 3.3. Let T be some quantum canonical transformation of coordinates and A e Aq. There holds 

TA M (qM,PM)f~ 1 = A' ST (q T ,p' T ) 

where A' = A o T and 

(q' T y = x H *' T , (p' T )j = p'j *' T . 

Proof. Let * e %. Then there holds 

fA M (q M ,PM)^ = f (A**) = A' *' T = A' ST (q' T ,p' T )f^. 



Corollary 3.1. 



(q' T Y =f(Q t ) M (q M ,PM)f-\ 
{p' T ) j =f(P j ) M (q M ,p M )f-\ 



or from the other side 



{qM) i = T-\q i )s T {Q'T,P'T)T, 
{Pm) 3 = f- 1 (p J )s T {q T ,p T )f, 

where T~\x,p) = (Q(x,p), P(x,p)) andT(x',p') = (q(x' ,p'),p(x' ,p')). 



□ 



4. Transformations of coordinates in ordinary quantum mechanics 

4-1. General theory 

In the following section we use the formalism of transformations of coordinates in phase space quantum 
mechanics, presented in previous section, to develop a theory of transformations in ordinary quantum me- 
chanics. First, observe that the transformation T of coordinates induces a unitary operator Ut- L 2 (M. n ) — > 
L 2 (M. N ) defined on the Hilbert space of states of the ordinary quantum mechanics, which transforms vector 
states and observables to the new coordinate system. Such operator is defined by the following equation 

f(<p*® M $) = (<p*® M il;)oT=:(UT<py®s T UTil>, <P,ip e L 2 (R N ). (14) 

The operator Ut should be unitary to assure that after a transformation of coordinates states remain 
properly defined. We state this as an another assumption about the considered class of transformations. 

From the definition of the operator Ut follows an important formula for the transformation of observables 
to the new coordinate system. 

Theorem 4.1. For A e Aq and an arbitrary quantum canonical transformation T of coordinates there 
holds 

A l ST {q',p l ) = U T A M {q,p)U^, 

where A' = AoT and 

(gty)(aO = x l ip{x), (PjV00«0 

GfV'X*') = *V(A (?>')(*') 

forW e L 2 (R N ). 



- -in^L(x) 

- in dx >jy x >> 
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Proof. Let \& = ip* ®m tf>- Then from one side 

(4**)oT = A'4T$= {U tV )* ® St A' ST (q',p')U T iP 

and from the other side 

(Ai$)oT= (^* ®m ° T = {Ut^p)* ®s t U T A M (q,p)ip 

Comparison of the above two formulae implies the result. □ 

The above result shows that applying the Born's quantization rule to a transformed classical observable 
gives an operator unitarily equivalent with an operator corresponding to an untransformed classical observ- 
able, provided that the ordering of q' , p' will be appropriately changed. This ensures the consistency of a 
standard quantization procedure since we can quantize a classical Hamiltonian system in whatever canonical 
coordinate system, provided that we use an appropriate ordering of operators of position and momentum. 

Corollary 4.1. 

q' 1 = Ut(Q 1 )m(q:,p)Ut\ (15a) 
ft = U T (Pi) M (q,p)U T \ (15b) 

or from the other side 

q l = Ut 1 W) St {^P)Ut, 
Pi = U^ip^Sr^ ',P')Ut, 

where T~ 1 (x,p) = (Q(x,p), P(x,p)) andT{x',p') = (q(x' ,p'),p(x' ,p')). 

The above result can be understood as follows. An operator of position corresponding to a new coordinate 
system can be simply defined as Qm{QiP)- This operator can be written in a position representation, i.e., as 
an operator of multiplication by coordinate variable. More precisely, there exist a unitary operator U such 
that 

UQ M {q,p)U- 1 =x'. 

From previous result U = Ut- 

4-2. The form of the operator Ut 

Equations (|15l) can be used to derive the form of the operator Ut for considered class of transformations. 
Indeed, for a given transformation T it is enough to find such unitary operator Ut which will satisfy (|T5|) . 
Such operator will be unique. 

In what follows let us find the form of the unitary operator Ut, in a two-dimensional case, for a 
transformation Ti(x',p') = (—((f>' 1 (x'))~ 1 p l — {<j)' l (x'))~ 1 4>' 2 {x'),(j)i{x')) generated by a function Fi(x,x') = 
x4>\(x') + 4>2(x') from Subsection 13.21 One calculates that for Ut 1 in the form 

(U Tl <p)&) = -i= /(^(s)|(/)' 1 (^)r /2 e~ i( " 0l( "' )+02(a; ' )) d^ (16) 

the inverse operator to Ut x reads 

(#fV)(aO = I <^(^)l^i(^)l V2e * Ml(x ' )+ ^ (x ' ))d ^ (17) 

1 \J2iihj 
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and that (fT5|) are indeed satisfied. To prove this note that Qm(q,p) = 4>i 1 (P)- Then 

(U Tl QM(q,p)U T ^)(x') ^^JJ <t>^(-ihd x ) ( v ,(x")|0i(a/ / )l V2 e* (B0l(B " )+ * a(x " )) 

x | ( / ) ' 1 ( x ')| 1 /2 e -i(^ 1 (x')+02( a; ')) dxdx » 

^^khjj s 'V(^OI0U^O^(^)| 1/2 e i(0l(a; '' ) " 0l(a: ' ))a: e^^ 2 ( a; ''»-^( a: '»dxda ; '' 
= / x'^ix'^ix'^ix'^SiMx") ~ 0i(a: , ))e^ W2( "" ) -^ (K ' )) Ax". 



After introducing new variable x" — 4>\{x") one gets that dx" = \4>'i(4>i 1 ( x "))\ 1 di" and the above formula 
can be written in a form 



(u Tl QM(q,P)u^\)(x') = j 0r 1 (2 w )^r 1 (« /, ))i^wr 1 (5 /, ))i 1/2 i^(^)i 1/2 *(5"-0i(^)) 

= x'ip(x'). 

Equation (|15b[) can be proved analogically. Note, that ([TBI and p7|) can be written in a general form 



ip{x) 



d 2 F 1 
dxdx' ' 



dxdx' ' 



ji^'Odx'. 



(18) 



(19) 



A direct calculations show that [7^ is indeed a unitary operator on the Hilbert space L 2 (M). 

Let us also find the form of the unitary operator Ut, also in a two-dimensional case, for the point 
transformation T±{x' ,p') — {4>i{x'), ((j)' 1 (x r )~ 1 p l — ((j>i{x')~ 1 (j)2(x')) generated by the function F±(x',p) = 
—p<fii(x') — 4>2{x'). One calculates that Ut 4 in the form 



1 



dxW P {x > P) 



V2ttH 

|0i(^)| 1/2 e-*^ (x 'V(0i(^)) 



\J2-kTi J 



l (p<p 1 (x')+<j> 2 (x')) 



dp 
(20) 



where y3 denotes the inverse Fourier transform of tp, indeed satisfies f| 15[) . The inverse operator to XJta is 
then given by 



([/?»(*) 



1 



ip{x) 



~ ( x' T)} 

dx'dp ' 



1 



e -iW<p) dx > 



p(a/)|#(s')|V2 e *(i*i(0+fc(x')-«p) dx'dp 



One can show that, in accordance with (|12cl) . the operator Ut 4 can be constructed from the operator J/ji 
from (1161) and the Fourier transform 
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because Uj is exactly the Fourier transform J- . In analogical way are constructed unitary operators Ut 2 and 
U T3 : 

Ut 2 = U IoTioI -i = U^UtA = T~ l U Tx T, 
Ut 3 = U Tl oi-t = U^Ut, = J~^Uti- 

For a 27V-dimensional case and the transformation T given by the generating function (|13p , the respective 
operator Ut takes the form 



det 



<9 2 F 
dx l dx'i 



(x,x r ) 



5. Examples 

5.i. Linear transformations 

In what follows the well known linear transformations of coordinates of a quantum phase space will 
be reconsidered in the frame of formalism developed in previous sections. The linear transformation is a 
transformation T : R 2 — > R 2 given by the equation 

T{x',p') = (alx' - bp 1 , -ex 1 + op')> 

where a,b,c,d € HL Moreover, it is assumed that ad — be = 1, which makes this transformation canonical 
both in a classical and quantum phase space, i.e., it preserves both Poisson bracket and star-commutator. 
The inverse transformation is given by the following equation 

T~ 1 (x,p) = (ax + bp, ex + dp). 

The linear transformation T is generated by a function F(x,x') — rxx' — ^x 2 — ^x' 2 , i.e., 

dF dF 

P=-7^(X,X), p=- — (x,X), 

where (x,p) = T(x',p'). 

For a given function / G C°°(M 2 ) the derivatives of the function / transform as follows 

Using the above formulae one easily finds that the linear transformation T preserves the ^-product, i.e., the 
^-product do not change after the transformation of coordinates 

(/ *g) o T = (/ o T) *' (g of), /, g G C°°(M 2 ). 

Of course, in this case the isomorphism St = 1. 

Now, let us prove by direct calculation that the unitary operator Ut- L 2 (R) — > L 2 (M.) of the Hilbert 
space L 2 (R) induced by T indeed is of the form (|18[) . In other words, let us show that Ut given by (|18[) 
satisfies the formula 

f(<p* ®m V>) = {<P* ®m i>) oT = {U T ip)* ®m Ut4>, (21) 

for every <p,ip €. L 2 (M.). 
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Indeed, the twisted tensor product of ip* and ip takes the form 

(p* ®m tp)(x,p) = / — - / dyp* (x - \y ) ^ ( a; + -y ) e~* pa . 



Using the above formula the left side of (|2"TT) takes the form 

f(p* ®M V>)(zV) = (<^* ®Af 

i \ / i \ 

,-j-(-cx +ap )y 



l=J dyp* (dx' - bp' - ip (dx' - bp' + ^y^j e 



V2 

The right side of (j2Tj) takes the form 

{(U T <pT ®m U T i>)(x',p') = -1= / dy' (U T <p)* [ x' - y ) (U T ip) [ + ^ ) e~^ v ' 



'2-kH 
1 



(2tt/i) 3 / 2 |6| 
1 



(2tt?i) 3/2 H 
x / dy' e~^ ( ^ (x+v) ~^ x ' +p ' )v ' 



dxdydy' ip*{x)ijj(y)ei Fix ' x '-i y ' ) e--K F ^' x ' + i v ' ) e-T! p ' v ' 
dxdyLp*{x)^{y)e~^ (v ' x)x '~^- x2)) 



After changing the variables under the integral sign from (x,y) to (x — \y,x + ^y) and from y' to by' the 
above equation takes the form 

((U T p)* ®m U T i/>)(x',p') = (27r ^ 3/2 jj dxdyp* f x -^yj^(x+^y\ e~^ yx '-^y) 

x J dy' e -k(x-dx'+b P ')y' 

= = J J dx dy p* (x - ~y\ ip (x + ^y^j e~^ yx ' ~^ xy) 8{x - dx' + bp') 



7= J p>* (dx - bp - ip [dx - bp + ^y^j e 



-jr{-cx'+ap')y 



Linear transformations of coordinates appear when considering quantum trajectories generated by Hamil- 
tonian functions, quadratic with respect to canonical coordinates. Take as an example the Hamiltonian of 
harmonic oscillator 

H{x,p) = ^(p 2 +ij 2 x 2 ). 

It happens that in such case the quantum trajectory coincides with the classical one. Thus a classi- 
cal/quantum trajectory $ t = (Q(t), P(t)) of a harmonic oscillator takes the form 

Q(x,p,t) — xcosuit + uj^^^psinujt, P(x : p,t) = pcosut — uixs\a.ujt. 

One can immediately see that for every t the above equations define a linear canonical transformation with 
generating function 

CO .1 2 ^ 12 

r[x,x) = xx uj cot utx u cot uttx . 

v ' sinwt 2 2 

Concluding, the above results show that applying the Born's quantization rule to any classical observ- 
able transformed by canonical linear coordinate transformation, gives an operator unitary equivalent to an 
operator corresponding to untransformed classical observable, with the same ordering of q' and p' . 
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5.2. A class of nonlinear transformations 

In the following example a class of nonlinear transformations of coordinates of a quantum phase space 
will be considered. The transformation in question will be taken in the form 

T(x',p') = (-V - a^V), a~V). 

The transformation T is generated by the function F(x,x') = a xx' + 4>(x') (a € M, a ^ 0, <f> being an 
arbitrary smooth function) . This transformation is a classical canonical transformation. For a given function 
/ G C°°(]R 2 ) the derivatives of the function / transform as follows 

— oT= -- — (foT) 
dx a dp' ' 

|° r = ^(/^)-^V)| 7 (/oT). 
Hence the Moyal ^-product transforms to the following product 

f*T9 = f ex P {^ifib^Dp, - ^ihbp'Dx'J g, 

where 

D x , = a~ l d p /, 

D p i — ad x i — a(j)" (x')dp' . 

One can calculate that 

Qrp — X ~krji = X ~\~ —ifldpl j 



2 



Pt =p'*'t = V 



'-^'-£My)^ (n+1) W' 

n=2 " ^ ' 



and that 



The above equation shows that the transformation T is a quantum canonical transformation. 

The isomorphism St from ^ intertwining the Moyal ^'-product with the *^-product is given by 

«- = -» (- 1 (S^iyrf- 1 '" (3 )>" +I> W«) 

= exp ^ yx' + ^ihd p i^j — 4> \x' — ^ihd p ^j — ihcj)' (x')dp<j\ 



= cxp y- (0(?m) -<j>(x )qm - <K&) +<t>(x )q* M ) 

Indeed, from Theorem 13.11 it is enough to prove that 

q' T = St(1mS t , 
p' T = StPmS^ 1 . 

Since S T = e A where A = - J2n=i (^^PI)!^ 1 )" (f) 2 " </> (2n+1) the above equations, from the 

Hadamard's lemma, take the form 

q' T = e^-^q M , (22a) 
PT = e [A '- ] p M . (22b) 
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One easily calculates that [A, q^] — 0. Thus 



e [A '' ] qM = Qm = Qti 



which proves (|22al) . 

On the other hand, one finds that 



^ 1 / P> \ ^ n 1 00 1 / h \ ^ n 

= -£s(?)V +, V)0? 



n! V 2 

n=2 v 



and that 
Thus 



[A, [A,p M ]} = o. 



e [A - ' ] pm = P '- \m* - £ 1 (f ) " (^a? = 

n=2 ' ^ ' 



which proves (I22b[) . 

To derive the second formula on St from the first one note that 



St = exp 



= ex p i^e^ 1 - <^ (n V) Q^) n ) 

= exp (<f> fx' + ^ihdp^j - (j)(x') - <f>'(x')^iHdp' - <j> fx' - ^ifid p ^j + 4>{x') - $ (x')^ihd p ^j 
= exp f~ ^<f> ^x' + ^ihdp^j — <j) — 7^<9jy^ — ihcj/ {x')d p i\\ . 
Observe, that the map St preserves the involution, i.e., 

W) = (&■/)•, feAQ, 

which can be immediately seen from the fact that St = S T . 

In accordance with the assumption made in Subsection 13. II concerning St the map St is an isomorphism 
(unitary operator) of the space of states T-L = L 2 (M. 2 ) onto the transformed space of states H' = L 2 (R 2 ). 

Indeed, an operator of the form exp (if(x', ihdp>)) (/: K 2 — > K being some smooth function) transforms 
square integrable functions into square integrable functions. In fact, this operator can be written in the 
following form 

ex P Q/(' T '' ihdp')) = ^p 1 CX P (Jftf( x '> V)) Fp, 

as a composition of operators transforming square integrable functions into square integrable functions. 
Hence St - L 2 (M. 2 ) —> L 2 (R 2 ). The map St is obviously linear and injective, moreover, it is easy to show 
that ($|5 T *) L 2 = (5 T 1 $|*) L 2, thus S T is an isomorphism of L 2 (R 2 ) onto L 2 (R 2 ). 

Now, let us prove by direct calculation that the unitary operator Ut- L 2 (M.) — > L 2 (M.) of the Hilbert 
space L 2 (R) induced by T indeed is of the form (fl8|) . In other words, let us show that Ut given by (fT8|) 
satisfies the formula 

f(<p* Om rl>) = (<P* <8m ^)oT= (U T <p)* ® St U t ^P, (23) 
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for every ip,ip £ L 2 (M.). 

Indeed, the left side of (12"51) takes the form 



{<p* ®m i>)(T(x',p')) = -±= I dyV (-ap' - a<j>'(x') - ^ r/> (^-ap 1 - atftf) + \y^j e^ 1 ^' . 
The right side of (j2"5)l takes the form 

COW)* ®s T Ut^){x',p') = St^Lj: J dy" (U T <pT (x 1 - ±A (U T ^) + ±A e~W 

x ip(y)e~^ ( - a ~ 1 y( x '+h")+<P( x '+h")) e -ip'y'\ (24) 

Since 

exp f i ^r' + ^ihdp^ -<j>(x' - ]^ihd p ^j - ity '{x')d p A g(x')e-* p ' y " = 
= exp ( l - (<j> (x' + y>) -<j>(x'- - 4>'{x')y ,; \]g{x')e-yy", 

(1241) takes the form 



h \ V 2* 



((^)* ® St u T ^)(x',p') = * 2 h- 1 yy y d^d^dy^^v^) 

x exp f ~ fa _x (a; - - a -1 Qx + y" + fa/ - 
- 4 U - \A +4>(x> + I A - - p'y")) 

' Hi dy"Axdy^{x)i>{y) 











i x ' - \ v ') 


-4 


<\x'- 





(2irh) 3 / 2 ' 

x exp Q ^-a" 1 ^ - ajja/ - U" 1 Qz + ^yj + <//(.t') + y"J ^ . 

Introducing new variables y' = y — x and z' = a _1 (^a; + iy) + <j>'(x') +p' the above equation can be written 
in the form 

((Ut<p)* ®s t u T ip)(x',p') = ^ 27r ^ 3/2 HI d v" d v' dz ' ( az ' _ a4>'{x') - V - \yj 

x V ™ acj)'{x') - ap' + iy'^j e -i ax ' y ' e -^ z ' y " 

= -j== J dyV (-ap' - a^'(x') - -j/) V (-aj/ - a^>V) + -j/') e -*°~ V »'. 

5.5. Nonlinear point transformations 

Let us consider in the following example the point transformations of phase space coordinates 

T{x',p') = {4>{x>),(<i>'{x'))- 1 p') 

generated by functions F(x',p) = —p<j)(x') (<f> being an arbitrary smooth bijective function). These trans- 
formations from construction are classical canonical transformations. For a given function / € C°°(R 2 ) the 
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derivatives of the function / transform as follows 

■£ot = (*'(*'»- VW^o o T) + (4,'( x '))-'—(, o d, 

Hence the Moyal ^-product transforms to the following product 



/ *t 9 = f ex P (^ihb x 'Dp> - ^ihbp'Dx'^J g, 



where 

d x , = (^V)) -1 ^ + W(x>))- 2 ^"(x') P 'd p ,, 

D p , =<f>'(x')d p ,. 

One can calculate that 
q' T = x' *' T = x' + ^ihd p > 

oo -. / -t \ n+1 

+ Et^w (t) E 4:!...,,^ (fel) (^)--^ ) (^)^^, 

n=l ln + 1M ^ (fe 1 ,..,fe„)£G n 

Pt = p' *t = P' - 2*^' 



"=1 k >■ \ ' V(fci,...,fe n+ i)eG n+ i 



+ E <ff ...,*,/ fci V) • • • V)0V)^, 

(fei,...,fc„)eG„ 

(fei,...,fc„)€G„ 

where G„ = {(ki, . . . , k n ) e N" : 1 < fci < • • • < fc„, X)"=i = 2n l an d a L™'...,fc n i &l"?...,fc n > c< ki,...,k„ are some 
integer constants. To the third order in h the operators q' T and p' T take the form 



+ ^ (y ) 3 (0'(x'))- 2 (3(0"(x')) 2 - *V)*"V))# + o(h% 
p't=p'- + ^ ) 2 (0'(-'))- 2 ((-3(0"(^)) 2 + 0V)0"V))p'^ 



+ 



l ( ih> 3 



(-20"(x'))^'(x')a^^ + (-24>"{x'))4>"{x')d vl 

(0'(x'))- 3 ((e(0" (x')) 3 - 70V)0'V)0"V) + (0V)) V"V))p'^ 

+ (3(0"( 2 ;')) 2 -30'(x')0'"(x'))0'(x')^a 2 +2(3(0" (x')) 2 - 30' (x')0"V))0"(x')d 2 ,) + (^). 



+ 3! V 2 
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Moreover, it can be verified that 



Wt,p't] = ih, 



which shows that T is a quantum canonical transformation. 

Using Theorem 13.11 it can be shown that the isomorphism St is of the form 



St = exp 



^ (2ti + 1)! \2 



E 4;: ) .., fe2 > (fci) (^)---0 (fe2 " ) w^ +i 

(fc 1 ,...,fc 2 „)SG 2 „ 



+ E ^/ci,...,fe 2 

(fci,...,fe 2 «-i)eG 2 „-i 

+ E ^::,lL^ (fel V) • • • Vy V)3 

(fcl,...,fc2„_l)eG?2n-l 

where A k ^ k , S^ 71 ^ fe , k are some integer constants. To the second order in h the isomorphism 

St reads 



S T = 1 



l fh 



3! V 2 



faV)r a ((3(*V)) a - ^v)<r V))p'^ + (30'V))0V)^a p 2 , 



+ (yV)JW)# ) + o(ft 4 ). 

There is no simple expression for the constants A k n ^ k , B k ^ k , cj^ k although, they can be 
calculated for particular cases of point transformations. One of such cases is for <p: R \ {0} — > K \ {0}, 
4>(x') = sgn(x') y|2^| (the example from Introduction). The operators q' T and p' T take then the form 

q' T = x' + \iW v , - i^sgn^OM" 1 ^, 



1 



Pt=p' - jifrd X ' + ^2 



n=l 



ih 



n+1 



((sgn(x'))"|2a;r"^^ - n(sgn(a;'))" +1 ^V"" 1 ^) , 



and the isomorphism St is expressed by the formula 

In 



S T =exp E^ 1 )" 
Vn=l 

where v4„ and B n are rational constants given recursively by 

A n = 



(A n sgn(x')\2x'\- 2n+1 d xl d 2 ; 1 - B n \2x'\- 2n d 2 / 



where 



.4 



(fc) 

2n-l 


ri-1 

= E 4 ("- 

m=l 


2m)A„_ 


4 (fe-i) 


(fc) 
2n-l 


n-1 

- E ( 4 (- 

m— 1 


- m)B n - 
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for k = 2, 3, . . . , n and n = 2, 3, . . . , and 

A (k) = B (k) = ^ fc = 2j 3j . . . ^ 

41i = 2nA„, B^j = 2nB ni n = 1, 2, . . . . 
The values of couple first constants A n and -B n are 

1 1 1 7 

Ai = -, A 2 = -, A 3 = -, A 4 = — . 

2' 4' J 4' 24' 

Dl — — , Do = — , _D'^ = — , IDA — . 

1 2 4 4 24 



5.^. A nonlinear transformation in four- dimensions 

In the following example we will demonstrate the presented theory of coordinate transformations on the 
nonlinear transformation T{x' ,y' ^p'x^p'-z) = (x, IJ1P11P2) in four-dimensional phase space R 4 , where 

x = x 1 - — t P ' x - ^t 2 P f, 

y = y' - —tp' 2 - 2ktx' P ' 2 + —t 2 P [p' 2 + ^t 3 P f, 

m 2 nil 3mi 

pi =p\ + ktp 2 , 

P2 =P 2 , 

and mi, m 2 , k, t are some real constants. This transformation is a classical canonical transformation 
generated by a function 

life k 2 
F{x, y,p'i,p 2 ) = xp'i + yp' 2 + ktxpf + - — tpf + - — tpf + - — t 2 p' lP 12 + - — t 3 p' 2 A . 

Zmi Zm 2 Zmi bmi 



Note, that this transformation is a four-dimensional example of the transformation from (llla[) . It transforms 
the Moyal ★-product to the following product 

/*r9 = / ex P (J^iht'x'Dpl + ^ihb y ,D p l - ^ihti^'Ih^i - ^ihb^Dy^j g, 

where 





= dx< 


±2ktp 2 d y >, 






Dy, 


= dy', 


+ —td x , 4 
mi 


-—t 2 p' 2 d v ,, 
mi 






= 9 P[ 


[ — t + 2ktx' 
\m 2 


D P' 2 


= d v > 


— 2ktp' 2 d p ' i 


- —t 2 P ' 2 d x , 4 

mi 



—t 2 p' x - ^p' 2 ) n,, 



One can calculate that 



1 / iH\ 2 k 



wrf = «' + iiHs - (f ) 2 - (f )U (28 - a » 

^^ 2 „■ n n 1 ( ifi\ 3 k 2 o,, 

ifi' T )i=P'i-\i^- (j) ktd 2 ,, 
(p'rh =P2- 2 ih9 v'> 
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and that 

[{q' T )\(p' T )j]^^). 

The above equation shows that the transformation T is a quantum canonical transformation. Now, using 
Theorem 13.11 it can be shown that the isomorphism St is of the form 



St = exp 



-h 2 — + 2 

8 mi 



e dx ,di + \n 2 ktd p[ d 2 , + ±h 2 ^t 3 p> 2 d? 



12 m 1 



It can be also proved that St is an isomorphism (unitary operator) of the Hilbert space L 2 (ffi. 4 ) onto itself. 

It can be checked using formula (1141) that the unitary operator Ut associated to the transformation T is 
of the form 



(U T <p)(x',y' 



1 



(2ttH) 2 
1 



\ 



det 



d 2 F 

d x id p/ 



x e i(2tT t2 p'iP2 2 + ^t 3 P2) dzdydpi dp' 2 . 

The transformation T is an example of a quantum (and classical) trajectory on phase space of a two 
particle system which time evolution is described by the Hamiltonian [20| 



H{x,y,p 1 ,p 2 ) 



Pi 



Pi 



2mi 2r7i2 



kxp 2 



The constants mi, m 2 are then interpreted as masses of particles, k is a coupling constant, and t is an 
evolution parameter (time). 



6. Final remarks 

In the paper we presented consistent theory of canonical transformations of phase space coordinates in 
quantum mechanics. The starting point of this approach was considering phase space quantum mechanics 
and introducing there transformations of coordinates in a similar manner as in classical mechanics. Then 
we passed to ordinary description of quantum mechanics. Presented theory allows to solve the problem con- 
cerning the consistency of quantization mentioned in Introduction. Actually, one has to change the ordering 
of position and momentum operators in transformed observables from the symmetric to the Sr-ordering. 

Returning to the example of the harmonic oscillator from Introduction we can now associate to the 
transformed Hamiltonian H' from ^ an appropriate operator. First, we need to calculate S^H' , which 
using the form of the isomorphism St calculated in the example from Subsection 15.31 gives 

{s^H'^x'y) = \x'\p 12 + uj 2 w\ + ^Vr 1 - 

The Sr-ordered operator associated to H' is then equal 

H' ST (q',p') = {S^H') M {q',p') = \\q'\p' 2 + ip' 2 |«f | + u> 2 \q'\ + ±h 2 \q'\- 1 . 

This operator is indeed unitarily equivalent with its untransformed counterpart. The unitary operator Ut 
intertwining H' ST (q',p') and Hm((1,p) is of the form ([20)) . To check that this is correct let us calculate the 

action of H' ST (q' ,p') on a ground state of the harmonic oscillator, ifo(x) = (^f-) 1 ^ 4 cxp ^— , transformed 

to the new coordinate system by Ut- One easily calculates that 

w /s / w \i/4 1 / tj\x'\\ 
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and that 

H' ST (q',p')U T <p = -hwU T (p , 

which shows that Urfo is an eigen-state of the transformed Hamiltonian of the oscillator, corresponding to 
an energy \tko, as it should be. 

The general theory of quantum canonical transformations developed in our paper suggests the proper 
approach for tackling the problem of general transformations of coordinates in quantum mechanics. Espe- 
cially it provides a method of an investigation of non-canonical transformations, which are hard to introduce 
directly in ordinary quantum mechanics. In fact, the proper way of developing non-canonical transformation 
theory should look as follows. First we consider a transformation T of coordinates in phase space quantum 
mechanics and find the form of the isomorphism St related to T. Then with the help of St we can pass 
to ordinary quantum mechanics. The problem which still needs to be solved is an introduction of a proper 
ordering of operators related to non-canonical coordinates (£, £), i.e., the definition of the operator function 
has to be extended so that the following formula would hold 

A*' T = A St {€*' t ,C*t )• 

Only then the passage to ordinary quantum mechanics can be found. 

In this paper we considered transformations of coordinates which were defined on almost the whole phase 
space. Problems arise when a transformation will be defined on some arbitrary open subset of phase space. 
We believe that in such case the space of states in ordinary quantum mechanics will be a Hilbert space of 
square integrable functions with respect to some measure dependent on the transformation. Moreover, the 
momentum operator would not be in the form —ihd x >. 

From the application point of view the problem which has to be solved is a systematic construction of 
isomorphisms St and operators Ut for a general transformation T. 

In conclusion, the possibility of introducing different coordinate systems in quantum mechanics is promis- 
ing, however, there are still many problems which need to be solved. Furthermore, the geometric approach 
to coordinate transformations in phase space quantum mechanics, especially for quantum trajectories, gives 
a potential possibility of developing quantum theories similar to those found in classical theory, e.g., to 
develop a geometric theory of quantum integrable systems: quantum bi-Hamiltonian systems. 
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